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The net drawing method of fullerenes presented in the preceding paper has been applied to the predictive
studies on the movements of pentagonal rings accompanying skeletal transformations in fullerenes. The
products of pyracylene rearrangements have been systematically generated to examine low-energy isomers
containing abutting pentagons (so-called anti-IPR isomers) by performing the rearrangement only once on
all the pyracylene units in each of the Cgp to Cyo0 isomers. The Endo-Kroto mechanism of Ca-insertion into
the carbon framework of fullerene has been likewise shown to be executable on paper. In this way, several
energetically favorable pathways of growth have been found for C7s to Cgo. Potential applications of net
drawing to the leapfrog and carbon cylinder operations and Cs-elimination are also mentioned.

In the preceding paper,” we have presented a new
algorithm for the formalized drawing of net diagrams of
fullerenes on equilateral triangular lattice. Our method
is based on a historical design of icosahedron net by
Diirer? and consists of dividing a fullerene structure
into two caps and a tubular segment. One of the caps,
containing six pentagonal rings, is placed on top of the
other cap, containing the rest six pentagons, while the
tubular segment is placed between the caps. This for-
malism allows anyone to draw fullerene nets in a sys-
tematic way and to read out the characteristics of the
fullerene structure with ease, especially the spatial dis-
tribution of pentagonal rings.

In addition to its ability of exhaustively generating
isomeric fullerene structures as demonstrated in the pre-
ceding paper,” our drawing method presents a novel
means to study skeletal transformations of fullerenes
on paper: Invariant and variant portions of the trans-
forming structure can be readily distinguished on the
net. We illustrate below how the pyracylene rearrange-
ment pathways®) and the growth mechanisms through
incorporation of C, fragments® can be systematically
treated. The leapfrog® and carbon cylinder® opera-
tions, novel methods of producing fullerenes having fa-
vorable HMO configurations, can be conveniently han-
dled as well.

Pyracylene Rearrangements on the Net Dia-
gram :

The pyracylene rearrangement generally refers to a
locally degenerate isomerization on the molecular sur-

face of fullerene involving rotation of the central CC
bond in a pyracylene unit by a right angle (Scheme 1).
The rearrangement has been proposed by Stone and
Wales in an early study of non-soccer ball structures
for Cgo.®) Although such an isomerization has not been
detected experimentally, the isolated isomers of C7g”®
and Cgs® are shown to be the most stable structures in
the trajectories of pyracylene rearrangement sequences.
This rearrangement is considered essential in separat-
ing abutted pentagonal rings during the formation of
fullerenes,'® a process called annealing.'*) Recent find-
ing of a low-energy mechanism for the pyracylene re-
arrangement by Scuseria'! involving changes in hy-
bridization adds strength to the above view. Since the
pyracylene rearrangement is basically a migration of
pentagonal rings over the molecular surface of fullerene,
we explore below a convenient way of describing the mi-
gration on the net.

A pyracylene unit appears in a fullerene net when two
corners (pentagonal rings) are separated by /3 on the
equilateral triangular lattice. It is convenient to distin-

Scheme 1.
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guish three types of corner configuration: along the edge
of a cap (type A, Fig. 1a), at the base of a cap (type B)
or across the tubular segment (type C). For simplicity,
the unit is symbolized by a thick bar connecting the pair
of corners as shown in Fig. 1. The type A, wherein the
unit is cut open, is symbolized by shaded edges. The
pyracylene rearrangement can be achieved on the dia-
gram by appropriately displacing corners, which can be
graphically represented by rotation and translation of
the bar or the shaded edges as illustrated in Fig. 1b, fol-
lowed by adjustments in the vicinity. The adjustments
differ depending on the types A to C, as illustrated in
Fig. 2.

A small program PYRA!? was written to perform
the rearrangement as well as the accompanying adjust-
ments automatically. The program receives the trian-
gular coordinates of corners (namely the structure of a
fullerene), rearranges all the pyracylene units one by one
and outputs the changed coordinates of the products,
which are then processed with program FULLER!?
to identify the structure. There is no need to treat
adjacency matrices or Cartesian coordinates when the
structural changes due to the migration of five-mem-
bered rings are pursued on a net diagram.

@)

Applications of Fullerene Net Drawing

We first checked the IPR-to-IPR pyracylene rear-
rangement pathways for Cgg to C1g09. The results of enu-
meration are summarized in Table 1. Compared to the
exponential increase in the number of isomers with the
number of carbon atoms,'® the number of Stone-Wales
isomerization paths is small in the range of fullerenes
examined: There are only 11 such isomerization path-
ways for Cygg. The results agree with those of Fowler
and his group,'® who covered these paths by a symme-
try-based search on the ring spiral codes.

1. Generation of Anti-IPR Isomers. A
recent suggestion on the presence of isomeric Cgg in

Table 1. Number of Pyracylene Rearrangement
Pathways (p) in IPR Fullerenes Cr, (n=60 to 100)

n ¥4 n p n Y4
60 0% 80 1 92 5
70 0 82 1 94 5
72 0 84 2 96 7
74 0 86 1 98 8
76 0 88 2 100 11
78 1 90 3

a) Degenerate paths are ignored.

Type A

A
Fig. 1.

B o

(a) Pyracylene units (dark shaded) at the tip of a cap (A), at the base of a cap (B), and across the tubular

segment (C). In the corresponding perspective drawing of fullerene on the right, pentagons involved in the rearrange-
ment are dark shaded. (b) Scheme of basic operations to be applied to the pyracylene unit to effect the rearrangement

types A to C.
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Fig. 2.
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Net diagrams before (dotted line) and after (solid line) the pyracylene rearrangement. Perspective drawings

on the right represent the rearranged structure, which should be compared with starting structures shown in Fig. 1a.
(A) The rotation-translation of pyracylene unit is followed by successive rotation of the rest of tip corners in the
same cap by 60° about the base corners. Despite the seemingly extensive changes in the diagrams, only the two Vss
in the pyracylene unit are actually relocated as can be visualized by the perspective drawing of fullerenes on the
right. A lattice point on a triangular coordinates is denoted by (m,n), where m and n means displacements from an
origin (0,0) along the base directions (a,b), respectively. A rotation of this point by +60° around an origin into a
‘new position (m/,n’), is expressed by the following integer operations on a triangular lattice: m’=—n, n’=m+n for
60° rotation and m’'=m+n, n'=—m for —60° rotation. (B) Only one tip corner needs to be adjusted after rotating
the unit, in this case to satisfy the closing condition of the cap. (C) All the corners to the right of the rearranged
pyracylene unit must be adjusted as shown. Tubule vector changes only in this case by +1 along base axis in the

course of rearrangement.

the soot from benzene flame!¥ has aroused interests
in the stability of fullerene isomers containing abutting
pentagons.'® Especially interesting in this respect are
the higher fullerenes up to Cigg, for which isolation work
is well in progress'® and which might be able to accom-
modate some anti-IPR isomers due to the decreasing
strain in the carbon framework. The problem with the
higher fullerenes is that there are simply too many anti-
IPR isomers to study exhaustively: It is reported that
there are as many as 8149 anti-IPR isomers for Cro.}"
However, it is likely that many of the stable anti-IPR
isomers can be reached from IPR isomers in one pyra-

cylene rearrangement step. We tested this premise by
systematically applying our net-based rearrangement to
each of the pyracylene unit only once in every IPR iso-
mer up to Cigg-

As shown in Table 2 under the heading ratio, the one-
step rearrangements produce two to three times more
anti-IPR structures than the IPR isomers. These anti-
IPR structures have been subjected to MM3 geometry-
optimization'® and the calculated heats of formation
of the most stable structures for each C,, are listed in
Table 3. The best anti-IPR isomers are only 9—20
kcalmol~! less stable than the best IPR isomers hav-
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Table 2. Number of Unique Anti-IPR Isomers (/)
Obtained by One-Step Pyracylene Rearrangement
on IPR Fullerenes C, (n=60, 70, 76 to 100)

Applications of Fullerene Net Drawing

Table 3. MM3 Heats of Formation of the Most Sta-
ble IPR and Anti-IPR Isomers of Fullerenes Cyp
(kcal mol™1)

n I Ratio® n I Ratio n AHFFR  AHpIPR - Djffe) Diff/C
60 1 1.00 88 150 4.29 60 573.39 596.88") 23.49 0.39
70 2 2.00 90 167 3.63 70 639.47 656.30 16.83 0.24
76 6 3.00 92 242 2.81 76 683.11 693.87 10.76 0.14
78 13 2.60 94 461 3.44 78 692.55 705.05 12.50 0.16
80 16 2.23 96 584 3.12 80 706.52 720.12 13.60 0.17
82 31 3.44 98 717 2.77 82 713.15 725.13 11.98 0.15
84 49 2.04 100 917 2.04 . 84 718.32 733.59 15.27 0.18
86 85 4.47 Total = 3492 Av =2.71 86 737.09 754.19 17.10 0.20
. . 88 748.42 763.03 14.61 0.17
a) Ratio of anti-IPR to IPR structures. 90 757.05 7799 20.17 0.22
92 773.79 790.10 16.31 0.18
94 782.58 801.16 - 18.58 0.20
ing the same n.'?) Distribution of the MM3-heats of 96 789.73 809.54 19.81 0.21
formation in some of the larger anti-IPR. fullerenes are 98 809.57 822.37 12.80 0.13
compared with those of the IPR-fullerenes in Fig. 3, 100 818.32 827.11 8.79 0.08

which clearly shows that low-energy anti-IPR fullerenes
can be more stable than high-energy IPR fullerenes.
These results suggest that IPR may not be a rigor-
ous rule, especially at high temperatures and for higher
fullerenes. This view is in accord with the known sta-
bility of substituted pentalenes. Although the parent
pentalene (1) is unstable (Chart 1) and has not been
isolated, alkylated pentalenes are generally stable crys-
talline compounds with bond alternation.?® Mechanis-
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Fig. 3.
isomers of Cg4, Cgo, Cgs, and Cigo.

a) Diﬂ:AHfa“ti'IPR—AHfIP R b) Only this Cgg isomer
contains two pentalene units, while all other best anti-
IPR isomers contain only one pentalene unit.

tic studies on fullerene formation may have to take the
possible role of anti-IPR intermediates into accounts.

Growth of Higher Fullerenes by C.-Addition

We analyze the growth of fullerene by incorporation
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Distributions of heats of formation (MM3) for all of the IPR (solid line) and stable anti-IPR (dotted line)
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1
Chart 1.

of C; clusters.?) We follow the clever suggestion of
Endo and Kroto,Y namely assume that the reverse of
Coy-elimination mechanism (2—3, Scheme 2), originally
proposed by O’Brien et al.?? to account for the degra-
dation mechanism of fullerenes, should apply to the
growth mechanism.?®

In its broadest sense, the proposed mechanism (3—2)
is the addition of a C, fragment onto a hexagonal ring
(a Woodward-Hoffmann thermally forbidden 2+2+2+2
cycloaddition). The overall structural change as seen in
Scheme 2 is the increase in the number of hexagonal
rings by one and the occurrence of a pentalene unit. In
view of the modest increase in the energy of anti-IPR
fullerene isomers containing only one pentalene unit as
mentioned above, such an insertion reaction may well
take place under the conditions of fullerene formation.
However, unless some mechanism for stabilizing the in-
termediate 4 is available, its most likely fate will be to
lose the C, fragment to give back 3 under the reaction
condition.

As Endo and Kroto have pointed out,? if one of the
pentagonal rings in 3 were one 6-ring away as shown in
5 (Scheme 3), a Co-insertion onto this structure would
lead to an intermediate 6. An extended Stone—Wales
(esw) rearrangement?®® in the pyracylene-like partial
structure in 6 consisting of two pentagons, one hexagon
and a heptagon (thick lines) should lead to a stable
hexagon-rich structure 7, wherein the product of the
extended pyracylene rearrangement is indicated with
thick lines. 7 is identical with that predicted by Endo
and Kroto.?

We further assume that, although the Cs-addition
must be taking place almost randomly on every hexag-

@—‘—’ ) §+C2
— —
2 4 3

Scheme 2.

OSEROF

Scheme 3.

Bull. Chem. Soc. Jpn., 68, No.7 (1995) 2087

onal ring of clusters growing under the reaction condi-
tions, only those having such an esw pathway as given in
Scheme 3 would survive. While we have not yet figured
out if there are patterns of pentagonal rings suitable for
C, insertion other than that of 5, the Ca-growth path-
ways involving the this pattern are exhaustively enu-
merated using the net diagram. The partial structure
as shown in Scheme 3 can be represented by a bar con-
necting the two corners in question, as we did in the
treatment of pyracylene rearrangement, except that the
bar is longer. The overall change can be likewise de-
scribed by the rotation and translation of the bar, but
in this case the length of bar changes (Fig. 4). Details
of adjustments that must be given in the vicinity of Co-
insertion point are illustrated in Fig. 5.

A program C2'? was written which takes care of all
the procedures given above (Figs. 4 and 5) from an in-
put of the triangular coordinates of IPR fullerenes and
outputs only the IPR Cs-inserted products. The small-
est fullerene which can respond to the Kroto-Endo C,-
insertion mechanism as defined above turned out to be
Dy—Crg. Table 4 summarizes the results of enumerating
C,—C, 42 growth pathways up to Cgs. It is clear that
the number of pathways increases rapidly with n. The
only Cs-insertion path available to D>~Crg is located at
the base of a cap-triangle D (Fig. 6a), producing D3—Czg
(Fig. 6b).® As noticed by the marks A to E on cap-

Type A
R s BN k"\..." .._.' , N RS Y o S ) B o ) S N o S

Fig. 4. Graphical representation of the Kroto—Endo
Coa-insertion mechanism on a net diagram. Type
A=along cap-edge, type B=at the cap-base, type
C=across the tubular segment. R and L means the
right- and left-side of the unit is adjusted after the
rotation-translation of the unit.
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A

Applications of Fullerene Net Drawing

C),

Fig. 5.

Changes in the net drawing before (dotted line) and after (solid line) the Cz-insertion reaction according to the

Kroto—Endo mechanism. A, B, and C correspond to types A, B, and C, respectively. R and L in type C correspond
to the right- and left-side shifts, respectively (see Fig. 4). Type C provides the most complicated case, including
six different orientations of the unit. In contrast to pyracylene rearrangement, wherein always the right-side of the
rotated-translated unit needs to be shifted, it is necessary here to distinguish two cases, R and L, which signify that
either right- or left-side of the unit needs to be adjusted, respectively.

Table 4.  Number of Ci-Growth Pathways (Cp—
Cn42), P, in Czs to Cigo Fullerenes by the
Kroto—Endo Mechanism

Table 5. MM3-Energy and Its Rank among the Cpn 42
Isomers of the Product from Cs-Insertion onto Cy,
along a Continuous Pathway at the Base of Upper
Cap of D2—Cr¢ (see Fig. 6¢)

n P n P
76 1 88 48 n AH} ) Rank? n AH; Rank
78 1 90 54 76 68L6 1 90 7738 27
80 3 92 217 78 605.2 3 92 780.0 9
82 9 94 351 80  707.0 2 94 785.0 2
gg ;i) 36 467 82 7154 3 96  799.6 13
8 846 84  744.39 22—9239 98 8148 21
86  762.2 13 100 8370 209
88  767.2 16

triangles which have been shifted to the left compared
from Fig. 6a, the Cs-insertion is equivalent to the rota-
tion of upper cap. Figure 6¢ illustrates new positions
to which the circled corner would move after further ro-
tation of upper cap, with the number of total carbon
atoms of the insertion product given at the end of an
arrow. When the cap is rotated almost by one turn to
reach Cg4, pentagons become abutted and an anti-IPR
structure appears.

Table 5 lists MM3-energies and the stability ranks
of all the products obtained along the continuous C,-
insertion sequence starting from D;—Crg. Clearly, this
pathway is likely to discontinue at Cg4 due to the sud-

a) MMS3-calculated heat of formation, kcalmol™!.
b) The stability rank within each IPR Cy, isomer family.
c) anti-IPR structure. d) The calculated AHy level of
this anti-IPR Cg4 structure corresponds to the 22nd to -
23rd rank among the 24 IPR isomers of Cg4.

den increase in the energy. Program C2 continues the
process at the base of upper cap, the product resuming
the IPR structure at Cgg. The increase in energy occurs
again at Cgg after two rotations of cap. The reason for
the periodic appearance of such barriers is the strain
that arises when the lowered base corner in the upper
cap (circled) and the elevated base corner in the lower
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Fig. 6. Net diagrams on a honeycomb lattice. (a) Do-
Crs, (b) D3-Crs obtained by Ca-insertion at the base
of cap-triangle D of D2-Crg, (¢) number of carbon
atoms of fullerene (n of C,) to be obtained by shift
of a corner (circled) to the place shown by arrow,
drawn on the net diagram of Dy-Crs.

cap approach.

The above discussion uses only the insertion pattern
of type B (Fig. 4). In order to evaluate the general
growth pattern of higher fullerenes, energetically favor-
able pathways involving all three types are extracted
from Table 4 and illustrated in Fig. 7. It is encouraging
to find a number of Cy-growth pathways which involve
very stable products. A further interesting point to
note is that two isomers of Cgq and an isomer of Cgg
(circled) do not have any possibility of growth as long as
we consider only the Kroto—Endo mechanism. In that
case, these isomers will tend to accumulate in the re-
action mixture. This prediction does not conflict with
the observed abundance of Cgq and Cgg in the extract
of carbon soot from arc-discharge.'®

Figure 8 is an explosion of the left-half of Fig. 7.
The appearance in this Figure of Dy—Crg, D3—Crsg,
C2—Cg2, and Dy—Cg, is in accord with the experimen-
tal observations.!®) However, there are contradictions
as well: D34—Cgy (the fifth in the stability rank) is sup-
posed to accumulate according to our analysis, but has
never been observed, and neither Cs,—, C4,—-Crs, nor
Cay—, C3,—Cgo, which have been experimentally ob-
served, appear in Fig. 8. Further studies on the growth

Bull. Chem. Soc. Jpn., 68, No. 7 (1995) 2089

Stability rank 5
4

3
2
1

76 78 80 82 84 86 88 90 92 94 96 98 100
Number of atoms
Fig. 7. Energetically favorable pathways of continuous
growth of fullerene by Cs-insertion according to the
Kroto-Endo mechanism. The stability rank of the
product among each IPR C, isomers is used as the
abscissa for clarity of presentation.

mechanism should include a manifold of growth and
degradation mechanisms operating under the fullerene
formation conditions. For instance, Co- as well as C4-in-
sertions leading to anti-IPR intermediates having open
structures®”) may have to be taken into account.

Other Applications

1. Leapfrog Operation. The leapfrog opera-
tion means multiplication of a fullerene to produce a
new structure having three-times more carbon atoms
but the same point group symmetry as that of the
original fullerene (C,—Cs,). Fowler® has shown that
leapfrog fullerenes have closed-shell electronic configu-
rations within the HMO theory. From this rule and
the facts that the smallest fullerene is Coq and that a
Cas fullerene cannot be constructed, he gave a general
formula Cggt6x (k#1) for the closed-shell fullerenes.

On the net, the leapfrog operation is equal to mul-
tiplying all edge-lengths by /3 and rotating by 90°
(Fig. 9).2® This operation becomes a simple arithmetic
transformation on an equilateral triangular lattice: The
triangular coordinates of corners before the operation
(m,n) are related to those after the operation (m/,n’)

by the following equations:?™
m' =m-—n, (1)
n"=m+2n. (2)

Figure 10 illustrates a sample operation.

2. Carbon Cylinder Operation. The car-
bon cylinder operation provides a convenient method
to produce fullerene structures having closed-shell elec-
tronic configurations but in this case with nonbond-
ing LUMO.® The carbon cylinder operation produces
two kinds of cylindrical isomeric series, C7o430% (Dsp Or
Dsq) and Cgyaqser (Dsp or Dgg), k=0, 1, 2, 3---. Fig-
ure 11 illustrates the net diagrams of former series on a
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@@
OGO B o
Dx(1) Ds(3) D:(2) \ G(6) /
@ Ca(1) C(1) (1)

G(3)
Cx(9

G

Dw(5
Cis Cs Cso Cs2 Csa Css Css Coo

Fig. 8. Energetically favorable pathways of Cz-growth from Dz-C7¢ to C2-Cgo. No growth mechanism is available for
enclosed structures. Under each perspective drawings are given point group and the stability rank (in parenthesis).

Fig. 10. Examples of leapfrog operation on an equilateral triangular lattice to produce C20—Cgp—Ciso.
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Fig. 11. Net diagram of a carbon cylinder series
Cro430k (k=0, 1,2, 3:--). Translation of upper cap as
shown corresponds to the carbon cylinder operation.

Fig. 12. Graphical representation of Cz-elimination on
an equilateral triangular lattice, depending on the
environment of pentalene unit in the diagram (see
Figs. 1b and 4).

hexagonal lattice, wherein the translation of the upper
cap to the dotted lines corresponds to the carbon cylin-
der operation. A similar illustration can be drawn for
the latter series.

3. Cs-Elimination.  With all the isomeric anti-
IPR structures of Cag to Cgp at hand, it will be a tempt-
ing project to exhaustively cover the possibilities of C,-
elimination and study their energetics, in relation to
the experimental observations of the Cy-elimination se-
quence from Cgo through Csg, Csg--- to Coq.'?® The
Csz-elimination from a pentalene unit (2—38, Scheme 2)
can be described on a planar lattice as shown in Fig. 12,
depending on the three types (A to C) of environments
mentioned in Fig. 4.

Conclusions

Manipulation of the skeletal transformations of
fullerenes on the formalized net drawings gave the fol-
lowing major conclusions.

(1) It is likely that some of the stable anti-IPR
fullerenes are more favorable than some of the unsta-
ble IPR isomers. The best anti-IPR isomer of Cigg,
for example, is only 8.8 kcalmol™?! less stable than the
global energy minimum structure of Cjqg.

(2) The Endo-Kroto Cs-insertion mechanism pro-
vides quite a few, energetically favorable growth path-
ways starting from Dy—Crg. There is, however, no plau-
sible path that starts from some stable isomers of Cgy

Bull. Chem. Soc. Jpn., 68, No.7 (1995) 2091

and Cgg, suggesting that these isomers tend to accumu-
late in the reaction mixture.

This work was supported by a Grant-in-Aid for Sci-
entific Research No. 05233107 from the Ministry of Ed-
ucation, Science and Culture.
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